In this article, we study the existence and multiplicity of positive solutions for the quasi-linear elliptic problems involving critical Sobolev exponent and a Hardy term. The main tools adopted in our proofs are the concentration compactness principle and Nehari manifold.
Introduction
In this article, we consider the following quasi-linear elliptic problem: establish an lower bound for λ * (λ * is defined in Theorem .). Define the energy functional associated to problem (.) as follows:
We obtain the following result.
Then there exists λ * >  such that problem (.) admits at least two solutions and one of the solutions is a ground state solution for all λ ∈ (, λ * ).
Preliminaries
Firstly, we introduce the Nehari manifold
Furthermore u ∈ N λ if and only if
N λ can be divided into the following three parts:
Applying the Hölder inequality and the Sobolev inequality, for all u ∈ W ,p  ( )\{} we have
We can deduce that
It is easy to check that (s) >  for all  < s < s max and (s) <  for all s > s max . Consequently, (s) attains its maximum at s max , that is,
By (.) and (.), we have
where  < λ < T  . Thus, there exist constants s + and s -such that
(ii) We prove that N  λ = ∅ for all λ ∈ (, T  ). By contradiction, assume that there exists
combining with (.), we obtain
that is,
It follows from (.) and (.) that
for  < λ < T  . This is a contradiction.
Lemma . I λ is coercive and bounded below on N λ .
Proof For u ∈ N λ , we can deduce from (.) and (.) that
Note that  < q < p and  < β < β  , we see that I λ is coercive and bounded below on N λ .
From Lemma ., we know that N + λ and N -λ are nonempty. Furthermore, taking into account Lemma ., we define
Proof For u ∈ N + λ , using (.) and (.), we have
By (.), we get
Therefore, we have κ λ ≤ κ
as follows:
It is clear that
which implies that
Lemma . tells us that F s (, ) = . Thus, by the implicit function theorem at the point (, ), there exist ε > , and a differentiable function
Proof The proof is similar to that of Lemma ., and we omit it here.
Proof It follows from Lemma . that I λ is coercive on N λ . Using the Ekeland variational principle [], we can find a minimizing sequence {u n } ⊂ N λ of I λ satisfying
Without loss of generality, we can assume that u n ≥ . By Lemma ., we know that {u n } is bounded in W ,p  ( ). As a consequence, there exist a subsequence (still denoted by {u n }) and u * in W
(.)
From Lemma ., for s >  sufficiently small and φ ∈ W ,p  ( ), and set u = u n , ω = sφ ∈ W ,p  ( ), we can find that f n (s) = f n (sφ) such that f n () =  and f n (s)(u n + sφ) ∈ N λ . Since
Notice that
Dividing by s >  and taking the limit for s → , combining with (.) and (.), we have
Note that (.) holds equally for -φ, we see that (.) holds.
has radially symmetric ground states
where the function U p,μ (x) = U p,μ (|x|) is the unique radial solution of the above limiting problem with
In the following, we define = 
Proof Since
By Lemma ., we know that {u n } is bounded in W ,p  ( ). In fact, we can deduce from (.) and (.) that
where  < β < β  ,  < q < p, we see that {u n } is bounded in W ,p  ( ). We can choose a subsequence (still denoted by {u n }) and u ∈ W ,p  ( ) satisfying
In term of the concentration compactness principle, going if necessary to a subsequence, there exist an at most countable set J , a set of points {x j } j∈J ⊂ \ {}, and real numbers μ j , ν j , χ  such that
where δ x j is the Dirac mass at x j . Let be sufficient small satisfying  / ∈ B(x j , ) and
Furthermore, we have
By (.), we deduce that 
